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Abstract 

In this paper, we prove the nuU controUabihty of some parabohc- 
eUiptic systems. The control is distributed, locally supported in space 
and appears only in one PDE. The arguments rely on fixed-point refor- 
mulation and suitable Carleman estimates for the solutions to the adjoint 
system. Under appropriate assumptions, we also prove that the solution 
can be obtained as the asymptotic limit of some similar parabolic systems. 
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1 Introduction and main results 

Let be a bounded domain of M.^ {N > 1), with boundary T ~ dil of class 
C^. We fix T > and we denote by Q the cyhnder Q = x (0, T), with lateral 
boundary S = F x (0, T). We also consider a non-empty (small) open set O C il; 
as usual, lo denotes the characteristic function of O. 

Throughout this paper, C (and sometimes Co, K, Kq, . . . ) denotes various 
positive constants. Frequently, we will emphasize the fact that C depends on 
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(say) / by writing C = C{f). The inner product and norm in LF'iJl) will be 
denoted, respectively, by (■ , •) and || ■ ||. On the other hand, || • ||oo wiU stand 
for the norm in L°°{Q). 

We will consider the following semilinear parabolic-elliptic coupled systems 



and 



Ut - Ay ^ F{y,z) + vlo in Q, 
-Az = f{y, z) in Q, 
y{x,t) — 0, z{x,t) = on S, 
y(a;,0) = y°(x) in O 

yt-Ay^ F{y, z) in Q, 
-Az = f{y,z) + wlo in Q, 
y{x,t) = 0, z{x,t) = on S, 

.,0/ 



(1.1) 



(1.2) 



[ y{x,Q) = y''{x) in 

under some hypotheses for F and /. 

In (jl.ip and ()1.2p . we have y = y{x,t) and z = z{x,t); lo is the characteristic 
function of O and = y'^{x) is the initial state. We will assume that the 
possibly nonlinear functions F : M x M h-> M and / : M n- M satisfy: 



F and / are (globally) Lipschitz-continuous, 
df 

i^(0,0)==/(0,0) = 0, ^(y,z)<M<Mi a.e., 



(1.3) 



where the first eigenvalue of the Dirichlet Laplacian in Q. 

The analysis of systems of the kind (jl.ip and (|1.2p can be justified by several 
applications. Let us indicate two of them: 

• Reaction-diffusion systems with origin in physics, chemistry, biology, etc. 
where two scalar "populations" interact and the natural time scale of the 
growth rate is much smaller for one of them than for the other one. Precise 
examples can be found in the study of prey-predator interaction, chemical 
heating, tumor growth therapy, etc. 

• Semiconductor modeling, where one of the state variables is (for example) 
the density of holes and the other one is the electrical potential of the 
device; see for instance [7]. Other problems with this motivation will be 
analyzed with more detail by the authors in the next future. 
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The system (resp. (|1.2p ) is well-posed in the sense that, for each S 
L'^{n) and each v G L^(0 x (0,T)) (resp. w G L^j-^ ^ (0,r))) possesses exactly 
one solution {y,z), with 

yeL\0,T;H^{n)), yt e L\0,T; H-\n)), z e L\0,T; D{-A)). 

This statement is justified in Appendix A. 

In this paper we will analyze some controllability properties of (jl.ip and (|1.2p . 

It will be said that (resp. (|1.2p ') is null- controllable at time T if the 

following holds: for any given y° G L^(r2), there exist controls v G ^^(0 x (0, T)) 
(resp. controls w G L^(C' x (0,r))) and associated solutions satisfying 

zGC°([0,r];L2(l])) 

and 

y(x,r) = in rj, limsup ||z(- , = 0, (1.4) 

t->T- 

with an estimate of the form 

IMIl2(ox(o,t)) < C\\y°\\ (resp. ||u;||L2(e)x(o,T)) < CHy"!!). (1.5) 

This inequality indicates that the "null controls" can be chosen depending 
continuously on the initial data. 

The control of PDEs equations and systems has been the subject of a lot of 
papers the last years. In particular, important progress has been made recently 
in the controllability analysis of semi-linear parabolic equations. We refer to 
the works [U [21 |3l [5l [6l [H [HI [12] and the references therein. Consequently, it is 
natural to try to extend the known results to systems of the kind (jl.ip and (|1.2p . 

The main results in this paper arc the following: 

Theorem 1.1 Assume that 

F(y, z) = FQ{y) + bz, with Fq Lipschitz- continuous, b G M, (1-6) 

f{y, z) = cy + dz, with c, d G K, c ^ 0, d < fii. (1-7) 
Then (|l.ip is null- controllable at any time T > 0. 

Theorem 1.2 Let us assume that (|1.6p holds and 

f{y, z) = fo{y) + dz, with /o Lipschitz- continuous, d G K, d < fii. (1-8) 

Then (|1.2p is null- controllable at any time T > 0. 
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The proofs of these results rely on relatively well known arguments and some 
new estimates. 

More precisely, in a first step, wc will first consider similar linearized systems 
of the form 

yt - Ay = a{x, t)y + bz + vIq in Q, 
— Az = cy + dz in Q, 
y{x,t) = 0, z{x,t) —0 on S, 
y{x,0) = y°ix) in n 



(1.9) 



(1.10) 



and 

yt - Ay ^ a{x, t)y + bz in Q, 
—Az ~ cy + dz + wlo in Q, 
y{x,t) = 0, z{x,t) = on S, 
^ y{x,0) = y°ix) in n. 
We will establish null controllability results for (|1.9p and (|1.10p by previously 
proving appropriate Carleman estimates for the solutions to the associated ad- 
joint systems. Then, in a second step, we will adapt a fixed-point argument to 
get the null controllability results stated in Theorems 11.11 and 11.21 



(1.11) 



In this paper, we will also consider systems of the form 

yt-Ay = F{y, z) in Q, 
ezt - Az ^ f{y,z) + wlo in Q, 
y{x,t) = 0, z{x,t) = on E, 
y{x,0) ^y°{x), z{x,0)^z°{x) in n. 

It will be shown that, under the assumptions of Theorem 15. 11 p. lip is uni- 
formly null-controllable as e — > 0, i.e. null-controlable with controls We satisfying 
the estimates (jl.Sp with C independent of e. We will also sec that the can 
be chosen in such a way that they converge weakly to a null control of ()1.2p 
(see Theorem (|5.2p below). 



This paper is organized as follows. In Section [2l we introduce some adjoint 
(backwards in time) parabolic-elliptic systems and we prove that their solutions 
satisfy suitable Carleman estimates. In Section [31 we deduce from these es- 
timates null controllability results for (|1.9p and (|1.10p . Section 2] deals with 
the proofs of Theorems 11.11 and 11.21 The uniform null controllability property 
of (|l.lip and the convergence of the associated null controls are established 



4 



in Section [SJ Finally, we give the proofs of some technical results in Section [S] 
(Appendix A). 



(2.1) 



2 Some Carleman estimates 

We will first consider the general linear backwards in time system 

—Lpt — lS.ip = a{x,t)Lp + c{x,t)il} in Q, 
—Aip~b{x,t)ip + d{x,t)'ip in Q, 
(p = 0, ijj = on S, 
, 'p{x,T) = Lp'^ix) in n, 

where ip'^ e L'^{rt) and we assume that 

a,b,c,d e L°°{Q), d < fi< m a.e. (2.2) 

Also, it will be convenient to introduce a new non-empty open set Oq, with 
Co <£ C- We will need the following result, due to Fursikov and Imanuvilov [6]: 

Lemma 2.1 There exists a function ao G C^(f2) satisfying: 

j ao{x) > Vx en, ao = Vx e dn, 
\ |Vao(a;)| > \fxen\Oo. 

Let us introduce the functions 

m -.^tiT-t), cp{x,t) ■■=^^^ «(^) :=e'^^-e^"°(-), a{x,t) := ^ , 

where k > ||ao||L°o + log 2 and A > 0. Also, let us set 

a{t) := mina(a;, i), a*{t) := max. a{x,t), 
(j){t) := min (/)(a:, t), (j^* {t) := maxa(a;, t). 

Then the following Carleman estimates hold: 



Proposition 2.1 Assume that \2.2\ holds. There exist positive constants Ao, 
So and Co such that, for any s > sq and A > Ao and any pP" S L^(ri), the 
associated solution to (|2.ip satisfies 

e-2-[(,s0)-l(|^,|2+|A^|2)+^2(^^)|y^|2^^4(^^)3|^|2] ^^^^ 

^ / \ (2.3) 

< Co ( // e-^^^IV'P + // e-2^"A4(s0)3|(^|2 | dxdt 

\JJq JJoox{O.T) I 
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and 



-2*"[(s0)-1|AVP + A2(s(/))|VV'P + A4(s0)3|V'P] dxdt 



<Co( [[ e-2-|^|2 + ff e-^^"X\scl,f\i;A dxdt ^^'^^ 

\JJq JJOox{0,T) J 

Furthermore, Cq and Aq only depend on and O and sq can be chosen of the 
form 

so = ao(r + r2), (2.5) 
where ctq only depends on fl, O, ||a||oo7 Halloo? ||c||oo cind |ld||oo- 

This result is proved in [2. In fact, similar Carlcman inequalities are estab- 
lished there for more general linear parabolic equations. The explicit dependence 
in time of the constants is not given in [5]. We refer to [J], where the above 
formula for sq is obtained. 

For further purpose, we introduce the following notation: 

/(s,A;^)- j/^e-^^"[(s0)-i(|^tP + |A<^P)+A2(s0)|V^|2 + A4(50)3|<^|2] dxdt 
and 

/(s,A; V) = JJ e"^'''[{s(j))-^\Ai;\^ + X^{scj))\V^'\^ + X^{s(j)f\^P\^] dxdt. 

Now, wc will deduce several consequences from Proposition 12.11 under par- 
ticular hypotheses on the coefficients of (|2.ip . First, it will be assumed that c 
is a.e. equal to a non-zero constant and b and d do not depend of t: 

a e L°°(Q), c e K, c^O, b,de L°°{n), d < < Mi a.e. (2.6) 

Accordingly, (|2.ip reads: 

— iff — Aip = a{x,t)ip + c4' in Q, 
-Alp = b{x)Lp + d{x)^ in Q, 
f>{x,t) = 0, ip{x,t) = on S, 
tp{x,T) = tp^ (x) in Q. 

Proposition 2.2 Assume that (j2.6p holds. There exist positive constants Xq, 
Sq and Ci such that, for any s > sq and A > Aq and any ip^ G L'^{il), the 
associated solution to (j2.7p satisfies 

J(s,A;(^) +/(s,A;V) < Ci // e-*''"+2^"' A^(s0*)^|v3pda;di. (2.8) 

JJC>x(0,T) 
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Furthermore, Ci and Ao only depend on and O and sq can be chosen of the 
form 

Si = aiiT + T^), (2.9) 
where ai only depends on fi, O, ||a||oo> |c| and \\d\\L^. 

Proof: Obviously, it will be sufScient to show that there exist Aq, sq and Ci 
such that, for any small e > 0, one has: 

I{s, A; ^) + /(s. A; V) < Ce/(s, A; ip) + Cei{s, A; V) 

4sa+2sa- x8/ ,*\7|,„|2 j^j^ (2-10) 



"'"'Ox(0,T) 

We start from (|2.3p and (|2.4p . After addition, by taking cri sufficiently large 
and s>ai{T + T'^),we obtain: 

/(s. A; (p) + 7(s, A; ^A) 

<C [( e-^'^\\scl)f (Iv^p + dxdt. ^^-^^^ 

J"'C'ox(0,T) 

Let us now introduce a function ^ G T>{0) satisfying < ^ < 1 and C = 1 
in e>o- Then 

e-2«"A''(s0)3|^|2da;dt < // e-"^'"^ X'^ {s(l)f dxdt 

Oox(0,T) JJox{0,T) 

e-^'"X^{s(Pf^{x)il; (--{(fit + Av? + a(x, dxdt 
't dxdt 

(2.12) 



x(0,T) 

/ - 


"2""A^(s<^ 


,)3e(a;) 


'e'x(o,T) 

/ - 


-2^"A4(s<^ 




'Ox(0,T) 


"2^"A4(s<^ 


,)3C&) 


'C'x(0,T) 


c 



:^ Ml + A'h + Ah- 

Let us compute and estimate the Mi 
First, 



Afi= // e-^'"^^X'^s^^^atiJvdxdt 
e-2^"^^A4s3^2^tV<pdxdt 

Ox(0,T) C 

e-2^"^A4(s0)3^t'^dxdt. 

C>X(0,T) C 
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Using that \at\ < Ccfy^ and < CcjP for some C > 0, we get: 
Mi<C [[ e"^^"A''s'*0^|V'| \f \ dxdt 

JJox{0,T) 

+ 11 e-'^'°'\'^{s(t)f\i}}t\\ip\dxdt 

JJox(0,T) 

< e/(s, A; V) + Ce // e-'^""' s"^ (j)'^ \ip\^ dxdt 

JJox{0,T) 

e~^"'X^{s(t))^\i;t \ |</3| dxdt. 

IOx{0,T) 

The last integral in this inequality can be bounded as follows: 
[[ e-^'"\*is(t)f\ijt\\ip\dxdt 
< [[ e-^''^X\s(t>*f\iJt\\(p\dxdt 

e-2-(*) A4(,s,/,*(t))3||V;,(. , t) lU.(o) M- , lU.(o) dt 

T 







<C / e-^^^^''^\\sct^*{t)f\\^t{. MM- Mlho) dt 



JjOx(a,T) 
Here, we have used that 

J -At/ij = + diit in ri, 
\ Vt = on dn, 

whence we obviously need h and d independent of t. 
Thus, the following is found: 

Ml < el{s,\;ip)+ei{s,\;il;) 

JJox{0,T) 



(2.13) 



Secondly, we see that 

M2 = - [[ A (e~^'''X\s(l>)^^A ^ dxdt 

C If e-^'" [X^{s(l)f\iP\ + {s(f)f iVipl + A'^(s</))3|AV|] f dxdt 

<ei{s,X-i}j)+C, [[ e-^'°'X^{s(t>y\ip\^dxdt. 

(2.14) 



Here, we have used the identity 

+2V (^e-2-^3iM^ . w + e-^^"(/)3^A^ 
and the estimates 



c 

Finally, it is immediate that 

A/3 < e/(s. A; + // e-'^'"X'^{s(t>f\tp\'^dxdt. (2.15) 

"'JC'x(0,T) 

From (P1T|) . (Pl^ and we directly obtain (piU)) for all small 

£ > 0. This ends the proof. □ 



An almost immediate consequence of Proposition [2T2l is the following observ- 
ability inequality: 



Corollary 2.1 Under the assumptions of Proposition]^^ there exists constants 
M and K , depending on Vt, O, T, ||a||oo; \c\ and \\d\\L-y°, such that every 

solution {(p,ip) to ()2.7p verifies: 

M-,0)\\' + m-,0)f <M ff e-2^/(^-*Vl'rfa;dt. (2.16) 

JJOx{0,T) 



Proof: From the Carleman inequality in Proposition 12.21 with s = si and A = 
Ai, we see that there exists a constant C > such that 

e-^'''(j)m^\^ + \ij\^)dxdt<C ff {t{T ~t))~^e-^'"+^"''\ip\''dxdt. 

Since 2d — a* = a* / (3{t) for some a* > and e^^*"(/)'^ is uniformly bounded 
from below in r2 x [T/4, 3T/4] wc find that 
r3T/4 . 

[W^" + \iA^)dxdt<C e-2^/(^-*)|^|2dxdi (2.17) 

T/4 JO. JJox{0,T) 

for some C,K > 0. 

On the other hand, we can easily get from (|2.7p the standard (backwards) 
energy inequalities 

-~M' + Ml^<C{yr + \m') and ll^ll^. <C|[^f. (2.18) 
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This yields 



whence we deduce that 



2di 



l^f <C||^f, 



M- ,0)f < CM- ,t)f foralH. 



(2.19) 



(2.20) 



Combining (|2.17p . (|2.20p and the second part of (|2.18p . we obtain at once 



Now, we wih assume that 6 is a non-zero constant: 

a,c,d<E L°°{Q), beK., b ^ 0, d < fi< fii a.e. (2.21) 

The corresponding ()2.1|) becomes 

—(ft — Aip = a{x,t)ip + c{x,t)'ip in Q, 
~ Alp = hip + d{x^ 1)11} in Q, 
ip{x,t) = 0, 'ijj{x,t) =0 on S, 
ip{x,T) = (p'^ (x) in n. 

Proposition 2.3 Assume that (|2.2ip holds. There exist positive constants X2, 
S2 and C2 such that, for any s > S2 and X > X2 o,n-d any Lp^ 6 L'^{Vl), the 
associated solution to (|2.22p satisfies 



(2.22) 



/(s,A;(^) + /(s,A;V) < C2 // e-^'"A'*(s(/>)^|V'rda;dt. 

JJox{ia,T) 

Furthermore, C2 and X2 only depend on Q. and O and S2 can he chosen of the 
form 

S2^a2{T + T^), 

where (T2 only depends on fl, O, |[a||oo7 |^|, ||c||oo cind \\d\\oo- 

Proof: Wc start again from ([2lT|) . Recalling that ^ G P(0), < ^ < 1 and 
^ = 1 in Co, we see that 



-^'°'X'^{s(f)f\ip\'^dxdt < 



Oox(0,T) 



-2sa \ 4 



X^{s<j)y^\ip\''dxdt 



Ox{0,T) 



Ox(0,T) 



Ox{0,T) 
1 



e-'"'°'X''{s(t>y^{x)ip --(AV' + d(x,i)^) dxdt 



/Ox(0,T) 

:= M{ + M^. 



If Alp dxdt 



(2.23) 



-2'^X'^{s(f>)^^d{x,t)^%b dxdt 
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As in the proof of Proposition 12. 2[ it is not difficult compute and estimate 
the M[. Indeed, 

M[ = - jj A ('e-2^"A'^(s0)3^^) 4, dxdt 

JJox{0,T) V " / 

<C [[ e-^'" [\^is<j))^\ip\ + X^{s(t))'^\Vip\ + X-^iscjyflAipW dxdt 

JJox{0,T) 

< el{s, X]ip)+C, [[ e-^'"'X^{s(j)y\^p\^dxdt. 

(2.24) 

On the other hand, 

M^<eIis,X;f)+C, [[ e-^""A''(s(/))3|i/'prfa;dt. (2.25) 

From dim), (|2:23)) and ([2:241) - ((2:251) . we find that 

/(s,A;^) +/(s,A;V) < Ce/(s,A;(^) +C // e'^'"' X'^{s(t)f\^l!fdxdt, 

for all small e > 0. 

This ends the proof. □ 

Arguing as in the proof of Corollary 12.11 the following can be easily estab- 
lished: 

Corollary 2.2 Under the assumptions of Proposition [27B. there exists constants 
M' and K' , depending on fl, O, T, ||a||ioo(Q), \b\, llcHioo^g-) and ||o?||loo, such 
that every solution ((/?, ip) to {2. 7\ l verifies: 

\\ipi- ,0)f + limsup\\iP(- ,t)f < M' If e-^^'/^^-'^\^\^dxdt. (2.26) 

3 The null controllability of the linearized sys- 
tems 

In this Section, we will deduce from the observability estimates (|2.16p and (|2.26p 
null controllability results for (|1.9p and (|1.10p . 
More precisely, we have: 
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Theorem 3.1 Assume that (|2.6p holds. Then (|1.9p is null- controllable at any 
time T > 0. That is to say, for any y^ € L^{il) there exist null controls 
V e L'^iO X (0,r)) for (HHl) satisfying 



Mmoxio.T))<C\\y\ 
where C only depends on fl, O, T, ||a||ioo(Q), ||6||loc, |c| and ||(i||L= 



(3.1) 



Proof: There are several ways to prove that the observabihty inequahty (|2.16p 
implies the null controllability of (|1.9p . One of them is the following. 
For any v E L'^{0 x (0, T)) and any e > 0, let us set 

Mv)= II e2^/(^-*)|z;pdxdf+i||y(.,T)f. (3.2) 

JJOx{0,T) £ 

Here, {y,z) is the solution to (|1.9I) associated to the initial data y^. It is not 
difficult to check that v Js{v) is lower semi-continuous, strictly convex and 
coercive in L'^{0 x (0,T)). Hence, it possesses a unique minimizer G L'^iQ)- 
We will denote by (y^, z^) the associated state. 

We will show that, at least for a subsequence, converges weakly in L^{0 x 
(0, T)) towards a control v G L^{Ox (0, T)) and the associated y^{- , T) converges 
strongly in L^(fi) to zero. Obviously, this proves that u is a null control for (|1.9|) . 
i.e. that the state associated to v satisfies (|1.4p . 

Notice that the unique minimizer of (j3.1ip is characterized by the following 
optimality system: 



Ve.t - Aye = at/e + bz, + Vi;lo in Q, 
— Azg ~ cy^ + dz^ in Q, 
2/e = = on S, 
_ 2/,(x,0) =y"(x) in n, 

— (Pe.t — A(y9e = atpe + Cipe in Q 

— A-0e = &(y5e + dip^ in Q 

(/5e = V-'e = on S 

1 

in fl. 



(3.3) 



Ox(0,T) 



(3.4) 



(3.5) 



(see for instance [5]; see also [3]). 
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By multiplying both sides of p.4p i by and both sides of p.4p 9 by 
integrating in time and space and adding the resulting identities, we obtain: 



e-2^/(^-*)|^,pdxdt+i||z/,(.,r)f 

Ox(0,T) ^ 

< U\\ ||¥>e(-,0)|| < A/V2||y0|| fj ^^2K/iT-t)^^^^2^A (3.5) 

\JJOx{0,T) J 

^ JJox{O.T) 

where we have used the observability estimate (|2.16p . 
From (13.61). we sec that 



JJox{0,T) JJox{0,T) 

(3.7) 

Consequently, at least for a subsequence, one has 

Ve^v weakly in L^{0 x {0,T)), with |k||L^(ox(o,T)) < C||y"|l. (3.8) 

We also have from p.6p that 

ye{-,T)^0 strongly in L'^{n) as e ^ 0. (3.9) 

From the usual energy method, it is clear that a subsequence can be extracted 
such that 

ye —> y and — >■ z strongly in L^{Q) as e — > (3.10) 

(see for instance |10j ) and, consequently, the limit v is such that the solution 
{y,z) to (fTOl) satisfies (fri]) . 

This ends the proof of Theorem 13.11 □ 



We also deduce from Corollarv l2.2l tlic following result: 

Theorem 3.2 Assume that (j2.2ip holds. Then (jl.lOp is null- controllable at 
any time T > 0. In other words, for any y^ e L^(r2) there exist null controls 
we L'^iOx (0,T)) for (|riO)) such that 

\\w\\l^ox(o,t)) < C\\y°\\, 
where C only depends on SI, O, T, ||a||oo, 1^1, llc||oo and \\d\\oo- 
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Proof: It is very similar to the proof of Thoerem 13.11 
Indeed, we can introduce the functional L,, with 



Leiy) 



s2^/(^-*)|^«|2dxdt+i||y(-,T)f (3.11) 



/C>x(0,T) t 

and we can again check that possesses exactly one minimizer We £ L'^{Q). 
The optimality system is now 

2/e,t - Ay. ^ ay^ + bz^ in Q, 
-Aze = cys + dz^ + Welo in Q, 
yg — z^ — on E, 
[ 2/e(x,0) = y"(.T) in n, 



—(Pe,t — A(/3£ = acp^ + ci/^E in i 
— A'f/'^ = 6iy9£ + dips in Q 
i^e = = on S 
'Pe{x,T) = --y^{x,T) in fi, 



-2K/{T-t) 



We can argue as before and deduce that 



Ox{0,T) 



IL 



^2K/{T-t)\ 



dxdt 



(3.12) 



'Ox(0,T) 
"'"'Ox(0,T) 

whence a weakly convergent sequence of control exists and, in the limit, we get 
a null control for (jl.lOp . 

Notice that, by construction, 

limsup||'u;(-,t)||i2(o) = 0. 

This, together with the energy estimates 

\\z,{-MHl<C{\\y{-M + \\<MLHo)). 
ensures the second part of (|1.4p . □ 
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4 The null controllability of the semilinear sys- 
tems 



In this Section, we present the proofs of the main results in this paper, namely 
Theorems 11.11 and 11.21 They will be obtained by combining the linear control- 
lability results in the previous Section and a standard fixed-point argument. 



Proof of Theorem 11.11 Let us first assume that, in (|1.6p . Fq is . In view 
of (|1.6[) and (|1.7[) . we observe that (|l.ip can be written as follows: 

Vt - = Ao{y)y + bz + vlo in Q, 
— Az = cy + dz in Q, 
y{x,t) = 0, z(x,t) = on S, 
[ yix,0)=y°ix) in n, 



with 



Ao{s) 



Ms) 
s 



if s^O, 
otherwise. 



(4.1) 



For any k G L^{Q), let us consider the linear system 

yt - Ay ^ Ao{k)y + bz + vlo in Q, 
—Az ~ cy + dz in Q, 
y{x,t) = 0, z(x,t) = on E, 
[ y{x,{)) = y\x) in ^. 



(4.2) 



In view of Theorem 13. 1[ there exists controls v G LF'{0 x (0,T)) such that 
the associated states (y, z) satisfy (jl.4p and (|3.ip . where the constant C only 
depends on Vt, O, T, ||i^o||ci(E)i |c| and \d\. 

Let us introduce the mapping $ : L^{Q) ^ 2^ as follows: for any 
k G L^{Q), we set by definition 

$o(fc) = { w e L^(0 X (0, T)) : the solution to (g^l) satisfies ([111) and (EH]) } 
and 



$(fc) = {y e iF'iQ) : (y, z) solves 



for some v G <I'o(fc) }■ 



Then $ satisfies the hypotheses of Kakutani 's Fixed-Point Theorem. 
Indeed, the following holds: 
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• For any k E L^{Q), $(fc) C L'^{Q) is a non-empty compact set. Further- 
more, there exists a fixed compact set K C L^{Q) such that $(fc) C K for 
all k e L^iQ). 

This is an obvious consequence of (|3.ip . the energy estimates 



lly*lli2(o,T;if-i(n)) + llylli2(o,T;//i(o)) - ^ (^lklli2(ox(o,T)) + 

(established in the Appendix) and the compactness of the embedding 
W ^ L^{Q), where 



• $ is sequentially upper semicontinuous on L^{Q), i.e. if fc„, fc G L^{Q) and 
fc„ — fc in L^{Q), then 



Therefore, $ possesses at least one fixed-point y. 

Obviously, y solves, together with some z, the semilinear system (jl.ip for 
some V e L^{0 x (0,r)) and (HU) holds. 

Let us now assume that the function Fq in (jl.6p is only globally Lipschitz- 
continuous. Suppose that 



Then, we can find functions i^oi,^02, ■ • • with the following properties: 

1. Fon : R M- R is and globally Lipschitz-continuous., with Lpschitz 
constant L, i.e. Suppose that 





\Fon{si) ~ Fon{s2)\ < L\si - S2\ Vsi,.S2eR, Vn>l. 



2. Fon ^0 uniformly on each compact interval / C R. 



For each n > 1, let us consider the system 



yt - Ay = Fan{y)y + hz + vIq in Q, 
— Az = cy + dz in Q, 
y{x,t) = 0, z{x,t) = on E, 
^ y{x,0)=y%x) in 17, 



(4.3) 
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Let Vn be a null control for (|4.3p satisfying 

lkn||L2(ox(0,T)) < C\\y"\\, 

with C independent of n. In view of the previous arguments and the properties 
of Fon, such a w„ exists. It is clear that, at least for a subsequence, one has 

Vn V weakly in L^{0 x (0,T)), 

where is a null control for (|l.ip again satisfying (|1.4p . 

This ends the proof. □ 



Proof of Theorem II. 2t The proof is similar to the previous one, although a 
little more intrincate. 

Again, let us first assume that, in (|1.6p and (|1.8p . the functions Fq and /o 
are C^. Then, (|1.3p can be written in the form 

yt-Ay^ Ao{y)y + bz in Q, 
— Az = Co(y)y + (iz + wlo in Q, 
y{x,t) ~ 0, z(a:;,t) = on S, 
[ yix,0)^y''ix) in 17, 

where Aq is given by (|4.ip and 

/o(s) 

Co(s) = ' 



s 

/o(0) 



if s^O, 
otherwise. 



(4.4) 



For each k G L^{Q), we can consider the linear system 

yt - Ay ^ Ao{k)y + bz in Q, 
—Az = CQ{k)y + dz + wlo in Q, 
y(a;,t) = 0, z{x,t) = on E, 
[ y(x,0) in n. 

As in the proof of Theorem II. 1[ we can prove that there exist controls w € 
L'^{0 X (0,T)) such that the associated solutions to (|4.4p satisfy (|1.4p and 

lk||L2(C>x(0,T)) < c'lb°ll, 

for some fixed C. We can again introduce a multi- valued mapping : L^{Q) i-> 
2^ (Q) (similar to $) and we can show that the assumptions of Kakutani's 
Theorem are satisfied by ^E*, etc. 
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An easy adaptation of the remaining results leads to the desired controlla- 
bility result. We omit the details, that can be checked easily. □ 



5 An asymptotic controllability property 



In this Section, we prove that, under appropriate conditions on F and / (in fact 
the same in Theorem 1 1.2p . the semilinear parabolic system 



(5.1) 



yt- Ay ^ F{y,z) in Q, 
e zt - Az = f{y,z) + wlo in Q, 
y{x,t) = 0, z{x,t) = on S, 
y{x,0)^y°{x), z{x,0) = z°{x) in n, 

is uniformly null-controllable as e — > 0. We also prove the convergence of the 
null controls to a null control for the similar parabolic-elliptic system 



yt-Ay = F{y, z) in Q, 
~Az = f{y,z) + wlo in Q, 
y(x,i)=0, z(.T,i) = on S, 
[ y{x,Q) = y\x) in O. 

To this end, we will first consider the linear system 

yt - Ay = ay + bz in Q, 
szt — Az = cy + dz + wIq in Q, 
y{x,t) = 0, z{x,t) = on S, 
^ 2/(x,0) = y"(.T), z{x,0)=z°{x) in fl, 

and we will establish a uniform null controllability result. 
More precisely, the following holds: 



(5.2) 



(5.3) 



Theorem 5.1 Assume that p.21|) holds. Then, for any e > and any y^ ,z^ G 
L^(r2), there exist controls G L^{0 x (0,r)) such that the corresponding 
solutions [y^^Z;,) to (|5.3p satisfy 

ye{x,T)=0, Ze(.T,r)=0 in 

with an estimate of the form 

\Mmoxio.T))<C{\\y'\\+e\\z^). 

where C is independent of e. 



(5.4) 
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Sketch of the proof: Let us consider the adjoint system of (|5.3p . that is: 
—Lpt — A(y9 = aip + cip in Q, 
—etl^t ~ AtA = fe(y5 + di/' in Q, 
^ = 0, V = on E, 

^ ¥>(x,T) = ^"(x), ^(x,r) = v°(x) in 

with e i^(f^)- 

As in Section [51 we will use an abridged notation for the weighted integrals 
concerning tp, ip and their derivatives: for any positive A and s, we set 



I{s,X,ip) = 



'[{s(f>)-^{\ipt\^ + \Aip\^)+X^s(l)\Vip\^ + X^{s(f>)^\ip\^] dxdt, 



4(s,A,V) yy e-^'^iscjjy^l^tl^dxdt 

+ JJ e-2^"[(s,^)-i|A^|2 + A2s</)|VV'|' + A4(.s</))3|(p|2] dxdt 
Then one has 

I{s,X,ip)+L{s,X,il;) <C [[ (s0)^A^e-2^"(^'*)|V'pda;d<, (5.5) 

where C is independent of e. 

The proof of (|5.5p is very similar to the proof of Proposition 12.21 and will 
be omitted. An almost immediate consequence is the following observability 
inequality: 

||(^(-,0)f + e||7A(.,0)f <C // e^'^'isc^yX^l^l^dxdt. (5.6) 

Now, arguing as in Section |31 it becomes clear that the uniform null control- 
lability property of (|5.3p is implied by the observability estimate (|5.6p . □ 



From this result, we get the following for the semilinear systems (|5.ip and (|5.2p 

Theorem 5.2 Under the assumptions of Theorem \1.2l for any e > and 
any y° , z° G i^(ri), there exist null controls We £ L^{0 x (0,r)) for (|5T|) . 
They can be chosen such that, at least for a subsequence, 

^ w weakly in L^{0 x (0,T)), 

where w is a null control for (|5.2p . 
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Sketch of the proof: For the proof of the first assertion, it suffices to argue 
as in the proof of Theorem 11.21 

Indeed, for any e > and any fixed k G L^{Q), we can apply Theorem 15.11 
to the finearized system 

yt - Ay = AQ{k)y + bz in Q, 
e zt - Az = Ca{k)y + dz + wlo in Q, 

(5.7) 

y{x,t)—0, z{x,t) = on S, 
^ y(a:,0) = yO(a:), 0) = in n. 



We deduce that, for any e > 0, (|5.7p is nuU-controUable, with controls 
satisfying (|5.4|) (where C is independent of e). Observe that, in fact, we can get 
a stronger estimate: 

JJox{0,T) 

We can again introduce a multi- valued mapping (similar to ^) and we 
can show that the assumptions of Kakutani's Theorem are satisfied by 
Therefore, there exist controls We G L^{0 x (0,r)) satisfying (|5.4p such that 
the associated solutions to (|5.ip satisfy 



2/e(a;,T)=0, Zs{x,T)=0 in O. 

Let us multiply both sides of (|5.7|) i (resp. (|5.7p 9) by y^ (resp. z^) and let us 
integrate in Q. We easily obtain the following for all t: 



< \\yY+4A\' + C II \w,\'dxds + C f \\y,{-,s)fds. 



Ox{0,t) 



Using Gronwall's inequality and extracting appropriate subsequences, we 
deduce that, at least for a subsequence, w^, ye and z^ respectively converge to 
w, y and z, where (y, z) solves (|5.2p and satisfies (|1.4p . □ 
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6 Appendix A: Some technical results 

In this Appendix, for completeness, we give a theoretical result for the semilinear 
system 

yt- Ay ^ F{y,z) + vlo in Q, 

-Az^ f{y,z) + wlo in Q, 
< (6.1) 
y{x,t) = 0, z{x,t) =0 on S, 

^ y(x,0) = y°(x) in 17, 

where F and / satisfy (|1.6p and (jl.Sp . respectively. 
Wc have the following: 

Theorem 6.1 For any given y° S ^^(n) and v,w G x (0,r)), (|STT|) 

possesses a unique solution {y,z), with 

yeL^iO,T;H^{n)), yt e L^O^T; H-\n)), z e L\Q,T- D{-A)). (6.2) 

Sketch of the proof: We will apply the Faedo-Galerkin method, see J.- 
L. Lions [ID]. 

Let {/ij} be a special basis of Hq[VI), more precisely, the basis formed by 
the eigenfuncions of the Dirichlet Laplacian in Q,. Let us introduce the finite- 
dimensional Galerkin approximations as follows: find y^ , zn, with yNit), zj^it) G 
Vn for all i, such that 

{y'^{t),h) + {yyN{t),yh)^{F{yN,ZN).h) + {vlo.h) yheVN, (6.3) 

(VzAr(t),Vfc) = (/(2/jv,2w),fc) + Mo,fc) Vfce\/jv, (6.4) 

yNiO)=yoN- (6.5) 

Here, Vn = [hi, h2, ■ ■ ■ , hpf] is the subspace of Hq{^1) spanned by the first N 
eigenfunctions hj and j/ow = -P/vJ/Oi where P/v : ^^(0) i— > Vn is the orthogonal 
projector. 

This Cauchy problem has at least one local solution on [0,tN)- That the 
maximal solution is defined in the whole interval [0, T] is a consequence of the 
estimates given below. 

Estimates I : Let us set h ^ yNit) in and k = ZN{t) in (|0)) . After 
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some computations we obtain the following for any t and for all small S > 0: 



<byY + Cs II {\v\' + \w\') dxds + Cs f\\yM{s)fds 

^ JJOx{0,t) Jo 



(6.6) 



and 



- ^) \\Mt)\\H^ < Cs {hNm + WwU^o)) ■ (6.7) 



Estimates II Since the hj are the eigenfunctions of —A in HQ{ft), one has 

\\y'N{t)\\H-Hn) < \\{AyN + F{yN, zn) + vlo){t)\\H-^n) (6.8) 
for all t. Therefore, we get the following for some C > 0: 

||2/W(i)||H-Mo) <c(||2/jv(i)||H.? + ll(«lo)(-,i)|| + ||(^^lo)(-,i)l!). (6.9) 



From (|6.6p - (|6.9p . it is standard to deduce that, at least for a subsequence, 
the yN and zn converge to a solution to (|6.ip . This solution must satisfy 

yeLHO,T;H^in)), yt e L'iO,T; H-\n)), z e L\0,T; H^ift)). 

Furthermore, from the usual elliptic estimates, we also obtain that z G 
L2(0,T;I?(A)). This yields (lOl) . 

The uniqueness of the solution is also a standard consequence of the previous 
estimates (written for y :^ y^ — and z := z^ ~ z^ where (j/^, z^) and (y^, z^) 
are assumed to solve the system) and the global Lipschitz-continuity of F and /. 
□ 
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